Recently, Huang gave a very elegant proof of the Sensitivity Conjecture by proving that hypercube graphs have the following property: every induced subgraph on a set of more than half the vertices has maximum degree at least √ d, where d is the valency of the hypercube. This was generalised by Alon and Zheng who proved that every Cayley graph on an elementary abelian 2-group has the same property. Very recently, Potechin and Tsang proved an analogous results for Cayley graphs on abelian groups. They also conjectured that all Cayley graphs have the analogous property. We give an infinite family of counterexamples to this conjecture.
Introduction
Recently, Huang [4] gave a very elegant proof of the Sensitivity Conjecture [5] by proving that hypercube graphs have the following property: every induced subgraph on a set of more than half the vertices has maximum degree at least √ d, where d is the valency of the hypercube. This is best possible, as shown by Chung, Füredi, Graham and Seymour [2] . This was generalised by Alon and Zheng who proved that every Cayley graph on an elementary abelian 2-group has the same property [1] . In their concluding remarks, they point out that this result cannot generalise directly to other groups, but that it would be interesting to investigate the possible analogs for Cayley graphs on other groups.
Very recently, Potechin and Tsang proved such an analogous result for Cayley graphs on all abelian groups [6] , by replacing the √ d bound by d/2. (More precisely, they prove their result with the bound x + x ′ /2, where x is the number of involutions in the connection set of the Cayley graph, and x ′ the number of non-involutions.) They also conjectured that their result should hold for all Cayley graphs [6, Conjecture 1] and asked whether even all vertex-transitive graphs might have this property.
In this short note, we give two infinite families of vertex-transitive graph such that every graph in these families admits an induced 1-regular subgraph on a set of more than half the vertices. First is the wellknown family of odd graphs. Note that this family has unbounded valency and so these graphs fail to have the required property in a very strong sense. On the other hand, they are not Cayley. The second family consists of some 3-regular Cayley graphs on dihedral groups. These are thus counterexamples to [6, Conjecture 1].
Odd graphs
For n ≥ 1, the odd graph O n has vertex-set the n-subsets of a (2n + 1)-set Ω, with two vertices adjacent if and only if the corresponding subsets are disjoint. For example O 1 ∼ = K 3 , while O 2 is isomorphic to the Petersen graph. Note that there is an obvious transitive action of S 2n+1 on the vertices of O n , so these graphs are vertex-transitive. On the other hand, these graphs are not Cayley graphs for n ≥ 2 [3] . It is easy to check that O n is (n + 1)-regular. Let ω ∈ Ω and let U be the set of n-subsets of Ω that do not contain ω. Note that 2|U | = 2 2n n > 2n+1 n = |V(O n )|, but the induced subgraph on U is 1-regular.
3-valent Cayley graphs on dihedral groups
For a group G and an inverse-closed and identity-free subset S of G, the Cayley graph Cay(G, S) is the graph with vertex-set G and two vertices g and h adjacent if and only gh −1 ∈ S. For n ≥ 1, we denote by D 2n the dihedral group a, b | a n = b 2 = (ba) 2 = 1 of order 2n.
Let Γ 18 = Cay(D 18 , {b, ba, ba 3 }). There is a set U 18 of 10 vertices of Γ 18 such that the induced subgraph on U 18 is 1-regular, as can be seen on the picture below, where the elements of U 18 are coloured gray. Starting from Γ 18 , it is easy to get an infinite family of further examples using covers: for m ≥ 1, let Γ 18m = Cay(D 18m , {b, ba, ba 3 }) and let N be the subgroup of D 18m generated by a 9 . Note that N is a normal subgroup of D 18m of order m and D 18m /N ∼ = D 18 . Let ϕ : D 18m → D 18 be the natural projection and let U 18m be the pre-image of U 18 . Now, |U 18m | = 10m and, since Γ 18m is a (normal) cover of Γ 18 , the induced subgraph on U 18m is 1-regular.
Concluding remarks
It might be interesting to find examples of Cayley graphs with properties similar to the odd graphs, that is, an infinite family of Cayley graphs of unbounded valency but such that every graph in the family admits an induced 1-regular subgraph on a set of more than half the vertices (or perhaps subgraphs of maximum valency bounded by an absolute constant).
